Abstract. The article develops and proves an exponentially convergent numerical-analytical method (the FD-method) for solving Sturm-Liouville problems with a singular Legendre operator and a singular potential. Obtained within are sufficient conditions for convergence of the method and a priori estimates of its accuracy. A detailed algorithm for programmatic implementation of the FD-method is presented and compared with known algorithms (SLEIGN2).
Introduction
The results presented in this article constitute a logical extension and a generalization of the results in [5] and [4] , which consider the subject of solving the following Sturm-Liouville problem:
du(x) dx + q(x)u(x) = λu(x), x ∈ (−1, 1),
Problems of this kind arise in applications when solving partial differential equations in spherical coordinates using separation of variables, as is done, e.g., with hydrogen-molecule ion's equation in [7] (see [7, p. 167-170] ).
To recall, articles [5] , [4] develop and prove an exponentially convergent algorithm (an FDmethod) for solving problem (1.1), (1.2) for the case when the function q(x) is of the class Q 0 [−1, 1] of piecewise continuous functions that are bounded on the closed interval [−1, 1] and have no more than a finite number of jump discontinuities. However, [4] shows the results of applying the FD-method to problem (1.1), (1.2) with the potential q(x) = |x + 1/3| 1/2 + ln(|x − 1/3|), which clearly does not belong to the class Q 0 [−1, 1]. Despite the FD-method's convergence having not been proved for such problems the method turns out convergent. This fact has suggested to the authors of [4] that the sufficient convergence conditions for the FDmethod for problems of type (1.1), (1.2) can be weakened substantially, especially where they concern the smoothness of the function q(x).
The subject of this article is the Sturm-Liouville problem (1.1), (1.2) with a function q(x) from the space L 1,ρ (−1, 1), ρ = 1/ √ 1 − x 2 , which contains functions f (x), defined almost everywhere on the interval (1−, 1) for which it holds that (1.3)
Thus stated, the problem is a generalization of those considered in [5] and [4] , sufficiently so we could not apply the proof techniques used therein. Instead, to obtain the sufficient conditions for convergence a new approach was used based on an inequality for Legendre functions proposed by V. L. Makarov. This inequality (see Theorem 3.2) follows from Theorem 3.1, analogues of which the authors were unable to find. For this reason the aforementioned theorems are presented here with a detailed proof as novel and original results. The article has the following structure: we start out by giving an outline of the FD-method in section 2 and applying it to the problem at hand. We proceed to prove a general auxiliary result in section 3. In section 4 we give a theoretical justification of the method as applied to the case at hand and obtain a proof of its convergence. We discuss the programmatic side of the question in section 5. Finally, we draw some conclusions about what has been done.
The FD-method: algorithm
We are going to construct a solving algorithm for problem (1.1), (1.2) based on the general idea of the FD-method (see [6] ).
It is easy to see that the differential operator L[·] defined by the equality
is self-adjoint in the Hilbert space
equipped with the common inner product
(see [1, p. 55] ). This fact implies that there exists an increasing sequence of eigenvalues λ 0 < λ 1 < . . . < λ n < . . . and corresponding orthogonal eigenfunctions u 0 (x), u 1 (x), . . . , u n (x), . . . that satisfy equation (1.1) and condition (1.2). We are looking for the eigensolution u n (x), λ n to eigenvalue problem (1.1), (1.2) in the form of a series
where the pair u
n can be found as the solution to the following system of recurrence problems:
If we put j = 0 in (2.5) we obtain the equation for the basic problem
Taking into account that the eigenfunctions of operator L[·] (2.1) are determined up to a multiplicative constant we impose an additional requirement on the solutions of the basic problem (2.7), (2.6):
It is well known (see [2, p. 121] , [3, p. 33] ) that every solution u
n (x) to equation (2.7) (when λ (0) n is fixed) can be represented through the Legendre functions P ν (x), Q ν (x) : (2.9) u
n (x) = AP ν (x) + BQ ν (x), A, B ∈ C, where ν is the solution of the algebraic equation 
From equalities (2.11) it follows that function u
n (x) (2.9) satisfies condition (2.6) if and only if B = 0 and ν = n ∈ N ∪ {0}, whereas condition (2.8) leads us to the equality (see [3, p. 42 
In the other words we have that the pairs 
are orthogonal (in the sense of inner product (2.3)) to the kernel space of the linear operator
i.e, to the function u
n (x). This fact gives us a simple formula for finding λ (j) n , j = 1, 2, . . .:
n (x), j = 1, 2, . . . can be found via the variation of parameters formula (see, e.g., [3, p. 8, 34 
and constant c (j) n ∈ R can be chosen arbitrary. In a later section we will choose it to satisfy the orthogonality condition u
n (x) = 0.
Auxiliary results
In what follows we will need the result stated below in the form of a theorem, which we consider to be quite elegant.
Theorem 3.1. Suppose that u I (θ) and u II (θ) are a pair of solutions to the differential equation
that satisfy the following condition:
Before proceeding to the proof of Theorem 3.1 we should emphasize that the main idea of the theorem was evoked by the Theorem of Sonin (see [8, p. 166 
]).
Proof. Suppose that the conditions of Theorem 3.1 are fulfilled and for some c ∈ (a, b) we have that
In such a case the auxiliary function
is non-decreasing on (a, c] and non-increasing on [c, b) with respect to its argument θ, i.e.,
is indicated with a bold-lined square. It may be of interest to note that on (a, c) 2 ∪ (c, b) 2 the right side of estimate (3.3) need not contain √ 2; see formulas (3.14), (3.15).
The latter fact easily follows from the equality
and inequalities (3.5) . In much the same way it is easy to verify that
where
Let us consider the function f (θ,θ) defined in the following way:
From expressions (3.6) and (3.10) it follows that f 1 (θ, θ) = f 2 (θ, θ) = φ −1 (θ). The latter fact means that the function f (θ,θ) (3.11) is well defined and continuous on (a, c] 2 . Expressions (3.6) and (3.10) together with inequalities (3.7), (3.9) and identity (3.2) lead us to the inequalities
Taking into account expressions (3.6), (3.10) from inequalities (3.12), (3.13) we can deduce that
Through applying nearly identical reasoning to the function
we can get the inequalities
Now let us return to the function f 1 (θ,θ) (3.6). From inequalities (3.7) it follows that
Taking into account inequalities (3.14) and (3.15) we can proceed estimating v 2 (θ,θ) as follows:
It is not hard to verify that
Combining the latter inequality with inequality (3.17) we arrive at sought inequality (3.3). Inequality (3.4) can be easily derived from inequalities (3.12), (3.13) as a limit case when c → b.
The proof is complete.
Using Theorem 3.1 we can obtain a curious and useful inequality pertaining to the Legendre functions.
It is well known that the Legendre functions P ν (x) and Q ν (x) are two linearly independent solutions to the Legendre differential equation (see [2, p. 121]):
Furthermore, the functions P ν (x) and Q ν (x) possess the property
It is also known (see [8, p. 67] ) that equation (3.18) can be rewritten in the equivalent form (3.1) with
In the other words, we have that functions
satisfy equations (3.1), (3.20) and identity (3.2), which is equivalent to identity (3.19). Also, it is easy to see that the function φ(θ) (3.20) fulfils all the requirements of Theorem 3.1 with c = π/2. Therefore, Theorem 3.1 provides us with the estimation
∀θ,θ ∈ (0, π) and the following corollary:
Theorem 3.2. For every ν ∈ R the inequality
holds true for all x, ξ ∈ (−1, 1).
The FD-method: theoretical justification
In this section we are going to investigate the question of convergence of the proposed FDmethod, i.e, to find the sufficient conditions that provide the convergence of series (2.4).
Let us consider a general eigenvalue problem
The problem (1.1), (1.2) is its partial case for τ = 1. If we suppose that the eigenvalue λ n (τ ) and the corresponding eigenfunction u n (x, τ ) can be expressed in the form of a series
and the differential formulas
hold we immediately arrive at the conclusion that the unknown coefficients λ
n (x), i = 0, 1, 2, . . . can be found as solutions to problems (2.5), (2.6). To justify formulas (2.4) we only need to mention that if we set τ = 1 problem (4.1), (4.2) will be reduced to problem (1.1), (1.2). Now let us go back to formula (2.16). Without loss of generality we can obtain the values of c (j) n using the orthogonality condition:
It is not hard to verify that if c
n is found according to formula (4.3) then
n (x)dx = 0, ∀j ∈ N and formula (2.15) can be substantially simplified:
Using 
Combining the latter inequality with (4.5) we get the estimation
Using estimation (4.6) and formula (4.3) we can estimate |c
n | as follows:
To obtain the latter inequality we used the evident equality
and the result of Theorem 3.2. Now we are in a position to estimate u (j) n ∞,1/ √ ρ . We can do this in the following way (see formula (2.16)):
Combining inequalities (4.7) and (4.8) we arrive at the following estimate:
Using substitution (4.10) u j n ∞,1/ √ ρ = α j n v j we can rewrite inequality (4.9) in the form of
Let us consider a sequence of positive real numbers {V i } i=0,1,... defined by the recurrence formula (4.12)
Comparing (4.11) with (4.12) and taking into account inequality (4.6) we can arrive at the conclusion that (4.13) v j ≤ V j , j = 0, 1, 2, . . . .
Recall that u
is convergent then according the inequalities (4.13), (4.5) and equality (4.10) the series (2.4) are convergent, i.e., the FD-method is convergent. Now we are going to find the smallest n 0 of the kind mentioned above. For this purpose let us consider the series (4.14)
and find its radius of convergence. Taking into account recurrence equalities (4.12) one can verify that function f (z) (4.14) satisfies the functional equation
or, in a more convenient form,
Solving equation (4.15) with respect to function f (z) we obtain
From formula (4.16) we see that the radius of convergence R for series (4.14) is equivalent to γ :
Thus, if
the FD-method is convergent. For a sufficiently large n inequality (4.18) will always be satisfied. This means that for sufficiently large values of n the FD-method will always be convergent. To be specific, the FD-method will be convergent for all n > n 0 , where N n 0 ≥ 3 √ 2π 3−2 √ 2 q 1,ρ . Furthermore, formula (4.16) allows us to find the coefficients V j , j ∈ N explicitly. For this purpose we need to expand the right-hand side of formula (4.16) into a power series with respect to z :
Here we define (2p)!! as 2 × 4 × . . . × 2p and (2p + 1)!! as 1 × 3 × . . .
Using the fact that V j ≥ 0 and Stirling's formula we can estimate V j−1 in the following way:
Using inequalities (4.7), (4.13) and (4.21) together with equality (4.10) we can easily estimate u n | :
Inequalities (4.22), (4.23) now allow us to formulate the theorem about convergence of the FD-method.
The FD-method described by formulas (2.4), (2.13), (2.16), (2.17), (4.3) and (4.4) converges to the eigensolution (u n (x); λ n ) of problem (1.1), (1.2) for all n > n 0 . Furthermore, for the n > n 0 the following estimations of the method's convergence rate hold true:
n .
The FD-method: software implementation
In the section below we discuss the software implementation that was produced of the present method and describe explicitly the algorithm used in this implementation.
The software implementation was written in the Python programming language version 2.7 using the libraries NumPy, SciPy, mpmath and matplotlib. The use of the NumPy library has allowed us to have floating-point variables with up to quadruple precision 2 . We faced a technical problem when trying to compute the values of Legendre Q n function for an argument that's sufficiently close to ±1 using SciPy's lqmn to circumvent which we had to resort to calling the corresponding function legenq of the mpmath library. This process involves converting the argument of legenq from the data type numpy.longdouble to mpf and back again with sufficient precision.
In the algorithm we use the tanh rule and Stenger's formula in order to approximate integration in (2.15), (2.16):
. Below we also use the following auxiliary notation:
and refer to A −1 as defined in (2.12). In order to measure how close an obtained approximation is to the exact solution we used the functional
referred to in the algorithm as the residual.
The developed software library implements the capacity to subdivide the interval (a, b) on which numerical integration takes place into subintervals (a = x 0 , x 1 ), . . . , (x N −1 , x N = b) in a uniform as well as a non-uniform manner. A separate set of z i , µ i is generated for each (x i−1 , x i ), i ∈ {0, 1, . . . , N } in that case. Since q(x) is sampled at the points z i , which are at their densest at the ends of the interval, one could benefit from subdividing the interval at the singularity points of q(x). For the sake of simplicity we shall omit this detail in the description of the algorithm that follows.
As the values of δ
do not depend on q(x) or how the interval is subdivided they were precomputed and stored in a file to be loaded by the library at runtime.
Note: when in the algorithm we say "F [i][j]" we refer to a particular element of the twodimensional array F that has the index i, j. However, when we refer to " The main computing routine is described in Algorithm 3. It references the subroutines IntAB and IntAZ defined in Algorithms 1, 2.
Numerical experiments
Using the above algorithm we applied the FD-method to problem (1.1), (1.2) with the potential
First, the software was run to approximate the value of λ 0 with m = 60 steps of the FDmethod to demonstrate the rate of convergence. In this and subsequent runs the quadrature formulas (5.1), (5.2) had K at 250 and for numerical integration (−1, 1) was subdivided into four subintervals using the set of points {−1, − 1 3 , 0, , 1}. The importance of using the latter kind of subdivision is illustrated below. Figure 2 illustrates how the convergence rate of the FD-method increases exponentially for each subsequent eigenvalue λ n .
Solving the same problem was attempted using the well-known SLEIGN2 software package. The rightmost columns of Tables 2, 4 show the margin of error in the results it produces compared to the present implementation of the FD-method.
Computations for further eigenvalues were also performed and compared to the results from SLEIGN2 (see Tables 3, 4) . 
Conclusions
The article lays out the structure of and provides a theoretical justification for the FD-method as applied to solving the Sturm-Liouville problem (1.1), (1.2). In Theorem 4.1 convergence is proven for the case when q(x) satisfies condition (1.3) and estimates for the convergence rate are given explicitly.
Special attention should also be drawn to Theorem 3.1. The authors were unable to find analogous results in the existing literature. To their best knowledge the theorem and its proof constitute a novel and original result.
The presented method suggests at least two ways for further refinement. , 1} -1.9831442710817836887 0.000125559 continuous potential problems in [4] ). Second, by modifying the algorithm for concurrent computation. The authors hope to explore these possibilities in future publications.
The algorithm was implemented in software as a function library (a Python module). The implementation can be integrated into larger systems or used as is in applied sciences. The source code for the function library along with example Python code that uses it can be obtained from https://github.com/imathsoft/legendrefdnum.
